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The slow flow of a viscous fluid over the solid surface which intersects another boundary surface at an angle is considered. The
flow is axisymmetric and the surface contours are curved. There is no shear stress on the second surface as in the case of a free
surface. The flow is investigated near the line of intersection at arbitrary angles. Formulae for the stream function and the normal
stress at the boundary are obtained for short distances from the line of intersection. The leading term in the expansion corresponds
to the well-known solution of the problem of flow in a corner. The second term of the expansion of the normal stress at the free
surface takes into account the curvature of the flow boundaries. The axial symmetry of the flow and the curvature of the boundary
contours lead to a logarithmic singularity in the normal stress. © 2005 Elsevier Ltd. All rights reserved.

Investigations of the slow motions of a viscous fluid in a corner were initiated by Rayleigh [1] who considered the
case of stationary sides of the corner. Taylor [2] studied the problem of the flow in the corner formed by two plane
solid boundaries, one of which moves. Unlike Taylor’s problem, in Moffat’s problem {3} there is no shear stress
on one side of the corner as in the case of a free fluid surface.

We will consider a similar problem when the intersecting surfaces are not plane. In this extension it seems natural
to refer to the analysis of the flow at short distances from the line of intersection (the contact line). In this case,
it is possible to extend the solution of the problem of the flow in a corner to a wider class of flows as an approximate
solution. The validity of this extension can be provided by the second term of the asymptotic form, which has not
been considered so far even in special cases.

The problem is of interest in the context of fluid mechanics of the wetting of solids by viscous fluids. The contact
angle can be formed due to the motion of a fluid with a free boundary in a smail vicinity of the moving contact
line. The effect of the dynamic contact angle is based on a slow variation of the slope of the boundary with distance
according to a non-linear asymptotic form [4-6]. This asymptotic form is valid in an intermediate range of
small scales near the contact line, where the distances are bounded below by the minimum (microscopic) scale.
The microscale may be due to the dynamics of a hyperfine percursion film, which moves ahead of the spread
of the fluid with a contact angle, as has been established in the asymptotic theory [4.5] and was confirmed by
de Gennes [7].

If a small range of the above-mentioned non-linear asymptotic form exists, another effect is possible: at large
scales the dynamics of the fluid can only slightly affect the shape of the free surface. This leads to a model of a
quasi-static surface at large scales [4], which has the following meaning.

At a liquid—gas interface S, Laplace condition for the mean curvature H holds

20H = P,+p,

where P, is the normal stress in the fluid, p, is the gas pressure, and ¢ is the surface tension. In the large-scale
region the stress P, differs slightly from the static value, that is, from a constant, if there are no body forces. Hence,
the shape of the interface is approximately defined by the equation of capillary statics, and in this case it may depend
on time. For the static surface S, one can find the stress P, from the viscous flow problem. The surface shape can
then be refined, i.e. one can obtain a slightly perturbed shape from the boundary condition with varying stress P,,.
Hence, the perturbed shape of the surface S will be quasi-static. This model of the dynamics of a spreading fluid
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with a free surface was pointed out in [4] for improving the shape of a spreading drop, close to a spherical segment
of varying radius and arbitrary contact angle. The model includes the case of small angles as a special one.

The model of the spreading of a drop [4] was completed with formulae [5] for the general parameters of the
spreading model for the case when there is a moving precursion film. The model [4] of the quasi-stationary state
of the drop surface in the central domain has been used in many papers for the case of small angles, and this is
reflected in the survey by de Gennes [7].

Thus, in the context of the fluid dynamics of the wetting of a solid surface, the problem of viscous fluid flow
over a solid surface with a static form of free boundary is of some intersect.

1. FORMULATION OF THE PROBLEM AND THE METHOD
OF SOLUTION

Consider the axisymmetric flow of a viscous fluid over the solid surface at low Reynolds numbers. The
free boundary S intersects of the solid surface S, along a moving contact line. The problem is considered
in a plane passing through the axis of symmetry of the system; on this plane the boundary surfaces are
represented by contours (generatrices). Suppose the solid body is stationary. On its surface the fluid
velocity vanishes

v=0at S (1.1)
On the free surface § the normal velocity of the fluid is equal to the normal velocity of the surface w.
vn=w (1.2)

where n is the unit vector of the outward normal to the fluid surface S.
If the contour S moves as a rigid body and does not rotate, condition (1.2) takes the form

V-n = vyn;, where n; = n-e, (1.3)

where vy is the velocity of the contact line and e, is the unit vector of the tangent directed to the dry
part of the solid surface.
In the general case, we specify the velocity w in the limit of a short distance r from the contact line

V-n =Y +0r+..., ro0 1.4

Here wr is the angular velocity of rotation of the unit vector 1 of the tangent to the contour S at a
point of the contact line.
The shear stress P, vanished on the contour S:

P,=t-P-n=0 (1.5)

T
where P is the stress tensor in the fluid and 7 is the unit vector of the tangent to the contour S.

We will introduce a cylindrical system of coordinates x and z, where x is the distance from the axis
of symmetry and z is the coordinate along this axis.

We will write the equations for the stream function and the pressure

a2 & 10 _ _loy _la_\ll)
E\V—O, E—-—-—+————;a—x (Ux——xaz,vz—xax (16)

1dp 19 ldp _ 10+
B poz xa_wa .7
If the distance from the contact line is short, a local description of the geometry of the boundaries is
sufficient. We will assume that the boundary surfaces are smooth, and hence the coordinates of their
points can be defined by a few terms of the Taylor series expansion.

We will denote the angle between the intersecting boundaries by o.

We will also consider the second angle vy, which the tangent vector e; makes with the radial axis x
(see Fig. 1). We will assume that y > 0 if the outward normal to the solid surface is directed towards
the axis of symmetry, and y < 0 if it is directed from the axis of symmetry.
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Fig. 1

We will denote the curvatures of the contours of the surfaces S and S, on the contact line by k¢ and
ks respectively. The point of the contact line has the coordinates x = xy and z = 0, where x, is the radius
of the contact line.

We will introduce a polar system of coordinates r and 8 with origin at the point of the contact line
when the limit & = 0 is in contact with the solid surface and is directed towards its wetted part (see
Fig. 1). Near the contact line the contour S is close to the tangent:

8 = 2ksr+0("), r—0 (1.8)

For small r the free boundary contour S is described by the equation

1

2kpr+ O(rz), ro0 (1.9)

0-a =
Hence, the geometry of the boundaries is specified by five parameters, namely, the angles o and v, the
radius x; of the contact line or its curvature x; 1 and the contour curvatures kr and k.
On the solid surface the stream function vanished, v = 0, and hence y — 0 as r — 0, due to the
absence of a singularity on the contact line.
In the special case of plane boundaries when the contact line is a straight line, the solution is known
[3]. We will denote the corresponding stream function and the normal stress at the free surface by yy
and P,q. In the general case, the function y for small values of r can be represented by the expansion

Y= Yot Y+ (1.10)

The second term v, is a small correction, y, < g as r — 0. The first term has the well-known from
Vo = rf(6) and the second term can be sought in the form y; = Ff;(8).

Using the linearity of the problem, we can conclude that the perturbation of the stream function
is a linear function of the curvatures kg, kr and kg. Hence, the problem of finding y; can be split into
three different problems with the following conditions:

(1) The curvature of the contact line is non-zero, ky # 0, whereas the two other curvatures vanish.

(2) The curvature of the free boundary contour is non-zero, kg # 0, and kg = kg = 0.

(3) The curvature of the solid wall contour is non-zero, kg # 0, and kg = kg = 0

Below we present the solutions of these three problems sequentially. When solving the third problem
we shall also analyse the possible influence of the non-stationary state of the boundaries.

2. PROBLEM 1: FLOW WITH AXIAL SYMMETRY

Assuming kr = 0 and kg = 0, we take into account that ky # 0. We will assume that the tangent to the
free boundary contour at the point of the contact line does not rotate, that is, wp = 0.
From relations (1.3) and (1.9) at the free boundary we have

(7, 8) = Vysina+O(r%) for 8 = &+ 0(r%) 2.1)
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Condition (1.5) for the shear stress to vanish gives
P(r,8) = O(r) for 8 = a+0(r%) (2.2)
where

1, _ 10V, dvy U,
TGl T @3)

In polar coordinates the velocity components are expressed in terms of the stream function as follows:

v, = LY, 1oy 2.4)

T rx08” 9T Txor

Substituting expansion (1.10) into Eq. (1.6), in the main approximation we obtain the biharmonic
equation

2 139 .19
AOWO =0, AO = ;arr$+?é—92 (25)
In the main approximation, boundary conditions (1.1) on the solid wall give
d
Vo =0, 52 =0 when 0= 0 (2.6)

Here we also add boundary conditions (2.1) and (2.2), written in the main approximation as r — 0. We
will write the well-known solution of the problem for Eq. (2.5) with these conditions in the form

Vo = rxpfo(6) (2.7)

Jo = YQlsinOcosta—0cos®~-a], Q = sina/(o— sinocosar) (2.8)

The solutions of the problem with homogeneous boundary conditions on the sides of the corner and
with the condition that they decrease as r — 0, decrease more rapidly than y, for any o < n. If o0 = w,

the solution degenerates: y, = 0.
The equation for the perturbation v, follows from relations (1.6), (1.10) and (2.5)

Using expressions (2.7) and (2.8), we obtain
2 4 .
Agy, = 5v,Q(0)sin(26 — o - y) 2.9)
r
We will now derive the boundary conditions for y;. The conditions on the solid surface give
dy
v,(r,0) = 0, -aFl(r, 0)=0 (2.10)

Using the equality
X—xg = —rcos(0-7)
from relations (2.1} and (2.4) we find the condition on the free boundary

vy, .
T(r’ o) = vgrsinocos(a - y) (2.11)
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From relations (2.1)—(2.4) it follows that

'y _ 1axdy =
.56. = ~3538 +xrygsino+... when 6 = o

Substituting expansion (1.10) here, we obtain

a‘l’l

=) Py —5(r,a) = - yysinacos(a-7y) - onsm asin(o-¥) (2.12)

r

As a result we have boundary conditions (2.10), (2.11) and (2.12) on the sides of the corner 6 = 0
and 6 = «. The particular solution of the problem for Eq. (2.9) with these conditions has the form

w1 = rf1(6);
1 (2.13)
fi= 710°Q{— cos0.sin(20 —y) — cosasiny + 0cos(20 - —7y) + Ocos(a—y)}

We will determine the normal stress on the free boundary S near the contact line. In the limit as
r — 0 and taking into account relations (1.9), (2.7) and (2.13), the normal stress can be written in the
form

P,ls=n-P-n = Py(r,8)+... when 8 = 0+ 0(r)
10V U,
Poe_—p+2u(-%+ )=—p+0(1)

Hence

P,lg = ~p(r,a)+O(1) when r—0 (2.14)

Now we rewrite Eq. (1.7) in polar coordinates

Lo 120y lyy) 1100, g )
urde = —xar( O‘V—xv"w)' uor  xro® Ao‘l’—xvx\l’ (2.15)

Using the expansion

1 _ 1 Xx-Xx
Ty 2
x X
0 Xo

and the identities

d _ 2xg
a—eAO\yo = Toncos(B——a)
a%Aow, = YgQcos(o ~7y)~2v,0cos(20 -~ -¥)

149 - ; in( -
)Toa—éV*“"’ = 21,Qsin(8 - y)sin(6 - @)

from relations (2.15) we find

1dp _ = 2——Qcos((-) a)+—QCOS(0l Y)+..
por r
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Integrating this identity, we obtain

1 2y, Yy
—-p = ——Qcos(0-a)+—Qcos(a—Y)Inr+ 0(1) (2.16)
H r *o

From relations (2.14) and (2.16) it follows that as r — 0 the normal stress on the boundary § is given
by the formula

Pl =2 P, p,=-t2 Inr+0(1 217
nls_;p‘on"- nl» nl ——x—OQCOS(a—Y) nr+ 0(1) ( )

The first term in the expansion of P, (2.17) corresponds to the plane problem of the flow in a
corner.The second term P, is related to the axial symmetry of the flow, and it is essential that this term
is infinite at the point r= 0. The term P,; depends on the angle y between the radial axis and the unit
vector e; of the velocity of contact line (see Fig. 1).

We will consider various values of this angle.

If the fluid flows in a circular tube, y = 7/2.

In the fluid flows over the surface of a solid rod, y = —w/2.

Suppose the fluid flows over a plane surface. Assume that its wetted part is a circle; then y = 0, which
corresponds, in particular, to a liquid drop on a surface. If the dry part of the plane solid surface is a
circle, we have ¥ = ¥m; this relates to the case of a gas bubble in contact with a wall.

A remark on the role of the solutions of the homogeneous problem of the flow in a corner. As can be seen, the
analysis of the flow in the limit of short distances from the contact line leads to the problem of the flow in a corner
for the inhomogeneous equation in v, (1.10) with inhomogeneous conditions on the sides of the corner. It is possible
to transform the solution of this problem by adding the arbitrary solution § of the biharmonic equation with
homogeneous boundary conditions on the sides of the corner, where § — 0 as r — 0. In this case the asymptotic
solution y = Wy + y; + ... is unchanged if ali the solutions of the homogeneous problem decrease more rapidly
than ## as r — 0, ¥ = o(r%). The solutions of homogeneous problem then decrease more rapidly than y; and do
not contribute to the asymptotic solution. In the opposite case the contribution from the solution of the homogeneous
problem is of greater importance than ;.

For solutions of the form § = 7" *!y(8) one obtains the well-known equation [3]

sin2mo-msin2o = 0; m#1, Rem>-1

A root with real part Rem; < 1 exists when o > o, = 128.7°, and when o < o, for all roots one has Rem; > 1.
Hence, the contribution of ¥ to the asymptotic solution is of greater importance than the contribution of v, if
the angle o is greater than the critical value o If o0 < o, any solution of the homogeneous problem ¥ decreases
more rapidly than y; as r — 0 and can only contribute to the residual term in expansion (1.10).

Consequently, the asymptotic expressions for the stream function and the normal stress considered turn out to
be valid when the angle of contact is less than the critical angle: o < ot = 128.7°.

3. PROBLEM 2: FLOW WITH A CURVED CONTOUR OF THE
FREE BOUNDARY

We will assume that the curvature of the contour of the free boundary k si non-zero and ky = kg = 0.
In this case it is sufficient to consider the plane problem. We will use a stream function, which differs
from v in relation (2.4) by the factor x,

Zlow 9y
V=390 Ve =3, 3.1

In this case the first term in the expansion for y (1.10) has the form
Yo = rfo(8) (3.2)
The function fy(6) is given by expression (2.8).

Consider the unit vectors of the normal n and of the tangent 7 to the free boundary. With an accuracy
of O(r*) we have
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n=-9 14=290; 8 =kg/2 3.3
Using expression (3.3) we find the component of the normal n; along the unit velocity vector e,
n, = sino+28(r)cosoL + ... (34)
Condition (1.5) for the shear stress to vanish gives
P, =P g+(Pgg~P,)0+..=0 3.5)

The component P, on the surface S can be represented by the expansion
oP,q
Po(r,o+8) = Pg(r, a)+—‘.w(r, a)d+..., r—=0 (3.6)

From relations (1.10), (2.8) and (3.2) we find

19P,4 2
g (> 8) = ~Qu+0(1)

Prr_POO = 0(r), ﬁa_

Using these formulae in relations (3.5) and (3.6) and taking into account equality (2.3), we obtain

2 2

107y, 3y, 19y,
——rt_ vt oot = 3.7
30 37 +o3 UokrQ when 0 = o 3.7

We will write down the condition for the normal velocity of the fluid on the surface §
Vgng+ V,n, = Ugny + O(r2)

Representing vy by two terms of the Taylor series expansion and taking into account expressions
(3.2)-(3.4), we obtain

Iy,

(@) = —vokpr(cosa - Qsin’a) (3.8)

The conditions on the solid surface S, can be transferred onto the tangent line ® = 0 asr — 0, since
the curvature kg = 0. We have

y(r,0) = 0, %—‘g(r, 0) = 0 when r—>0 3.9

Consequently we arrive at the problem for the biharmonic equation with conditions (3.7)—(3.9) given
on the sides of the corner 8 = 0 and 0 = a. Its particular solution is

y, = F®@®), ® =1

4v(,k,rQ[l - c0s20 - ctgo(20 - sin20)] (3.10)

The fluid pressure is given by the two-term expression p = py + p;, where the term py corresponds
to o, and p; corresponds to y,. From the equation for the pressure

logp _ o

and solution (3.10), we obtain
P, = —2uvgkpQctgalnr+ O(1) (3.12)

Substituting expression (3.12) into relation (2.14), we obtain the contribution y,; to the normal stress
P, on the surface S
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COS Ol

~——————1Inr+ O(1) when r—>0 (3.13)
0o, — sinocos o

P, = 2uvpkp

The first term of the expansion of the normal stress P, = Py + P, is represented by the second formula
(2.17). The second term of the expansion of the normal stress, given by expression (3.13), is infinite on
the contact line if o # /2. Like the quantity P, (2.17), this term behaves like Inr.

4. PROBLEM 3: FLOW ALONG A CURVED WALL

We will consider the plane problem when the wall curvature kg is non-zero, but kz = 0. The stream
function is presented by expansion (1.10); formulae (2.8) and (3.2) specify the quantity .

Using the boundary conditions on the surface Sy, expanding the quantities y and v, in Taylor series
at the point 6 = 0, and taking into account expansion (1.10) and the expression for y,, we obtain

Iy .
Vi(r,0) = 0, =2(r,0) = r'ksvyQsin (4.1)

For small r the boundary conditions on the free surface can be transferred to the tangent 6 = o, since
the curvature kp = 0. From relations (1.4), (1.5) and (1.10) we have

<-%(r, o) = —Wgr 4.2)

—————-————+——r=0 When e=a (4’3)

We will write the solution of the problem for the biharmonic equation in a corner with conditions
(4.1)-(4.3)

v, = r'®(0)
2co+ 0p .
P(0) = 60+Tm{tg2a(l - c0s20) - 26 + 5in20} 4.9

¢ = kgyyQsina, D = 20-tg2a
Substituting expression(4.4) into (3.11), we find the pressure p;. We have
” 1 4cig2a

u? D

40
lnr—TFlnr+0(1)

1= -

From expression (2.14) we obtain the second term of the expansion of the normal stress

&P,,, = 4ks0, LI LEL ‘%flnr +0(1) (4.5)
Here kg is the curvature of the rigid wall. The second term takes into account a non-stationary state of
the surface S.

Solution (4.5) holds if o # o, Where o is the root of the equation D(c) = 0. This quantity is identical
with the critical angle o, discussed in Section 2.

We will consider the tangent to the contour S, at the point of the contact line and direct the unit
vector 1y toward the wetted part of the wall. The wall curvature kg produces a change of the vector 1
when the contact line moves. The vector tg rotates with the angular velocity

(.os = —ksvo (4.6)

The unit vector 1r of the tangent to the contour of the free boundary rotates with angular velocity
wr. The angle between 1t and 1 is equal to o. Consequently
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o= Op— O “.7

Replacing oy in equality (4.5) using relations (4.6) and (4.7), we arrive at the equation

1 {_ 2ksv, 40’

-P, = + Inr+O(1 4.8

o — sinocoso 2a—tg2a} ar+0(1) (48)
which gives the contributions to the expansion of the normal stress on the free surface from the curvature
of the contour of the solid body kg and from a non-stationary state of the boundaries.

5. THE ASYMPTOTIC FORMULA FOR THE NORMAL STRESS ON
THE FREE SURFACE

Summing the contributions to the normal stress on the surface S, defined by relations (2.17), (3.13)
and (4.8), in the limit as 7 — 0, we obtain the asymptotic expression for the normal stress on free boundary
in the form

2v i
lP _ <Y sino

TR r o-sinocosa
Jo 2kpcosa~ 2kg — kysinocos(o - y) 40 Inr+0(1) (5.1)
0 o — sino.cosa 20— tg20 .

where vy is the velocity of the contact line o is the contact angle y is the angle related to the axial
symmetry of the flow (see the figure) and k, k¢ and k; are the curvatures of the contact line, the contour
of the free surface and the contour of the solid body respectively. The contact angle can take values in
the range (0, o), where o* = 128.7°.

Formula (5.1) is true for short distances form the contact line; its novelty consists in the occurrence
of a logarithmic term due to bending of the flow boundaries. This term is essential, since it is infinite
on the contact line.

In the special case of plane boundaries and a fixed contact angle expression (5.1) is identical with
the well-known solution [3].

Note that the expression for the normal stress (5.1) has a general meaning since it holds for arbitrary
axisymmetric Stokes flow with intersecting boundaries.

I wish to thank G. G. Chernyi for discussing the results.
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